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We costruct the relativistic operator of the quadrupole moment of two-particle composite spin one
systems with zero orbital moment of the relative motion and derive explicit analytical expression
for the quadrupole moment using the approach to relativistic composite systems based on our
version of the instant-form relativistic quantum mechanics (RQM). We calculate the quadrupole
moments of the ρ meson and of the S-wave deuteron without any free parameters, using our unified
pi&ρ model (Phys. Rev.D 93, 036007 (2016); 97, 033007 (2018)) and our previous results on
deuteron. Our calculation gives Qρ = −0.158 ± 0.04 GeV
−2 and Qd = −1.4 · 10
−4 GeV−2. Having
in our disposition the rather general form of the quadrupole-moment operator we for the first time
formulate the problem of the upper and lower bounds for possible values of the quadrupole moment
of a two-particle system with indicated quantum numbers for a large range of constituent masses,
and partially solve it.
I. INTRODUCTION
The electroweak properties of hadrons (decay con-
stants, mean square radii, static moments, electromag-
netic form factors etc.) are of fundamental importance
for the understanding of strong interactions at low and
intermediate energy scales. So, it is clear that the
theory of such properties based on different nonpertur-
bative approaches is in the focus of investigations for
years. Let us mention for example different forms of
Dirac relativistic dynamics [1–12], approaches based on
the Dyson-Schwinger equation [13–16], the Nambu-Jona-
Lasinio model [17, 18], QCD sum rules[19, 20], the light
front diagram technique [21], lattice calculations [22–25].
The quadrupole moment of two-particle spin one systems
with total electric charge equal to unity with S-state of
the relative motion of constituents is of particular inter-
est because the existence of the quadrupole form factor
and the quadrupole moment in such systems is a purely
relativistic effect. They are strictly zero in the non-
relativistic case. The actual cause of the effect is well
known (see, e.g., the textbook [26]): the relativistic spin
rotation of the constituents. This effect is a kinematic
one, and so it must show itself in all composite systems
with given quantum numbers, being independent from
the nature of constituents and the kind of their interac-
tion. In particular, this effect takes place in two well stud-
ied systems with principally different constituents and
types of the interaction: the ρ meson and the deuteron.
It is worth noting that a kind of universal conditions for
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the quadrupole moment of such systems was given in the
well known paper [27].
The results of calculations of ρ-meson the quadrupole
moment through different approaches (see, e.g., [1, 2, 4–
10, 17, 21]) differ essentially not only in the absolute value
but even in sign. To-day it is not possible to estimate the
credibility of these results because the experimental data
on the ρ meson are scarce. Its lifetime is very short,
so direct measurements of its electroweak properties are
nearly impossible.
Although the deuteron quadrupole moment is mea-
sured with great accuracy (see, e.g., [28, 29]), it is clear
that the quadrupole form factor and the quadrupole mo-
ment of the deuteron are mainly defined by the D-wave
part of the deuteron wave function. The S-state admix-
ture is small and it is very difficult to separate it. The
contribution of the pure S-state to the quadrupole mo-
ment is relatively small and it is doubtful whether it can
be extracted from the experiment.
The goal of the present paper is threefold. First, we
derive an explicit analytic formula for the quadrupole
moment Q of a two-particle spin one system in the S-
state of relative motion of constituents. Second, we cal-
culate the quadrupole moments of the ρ meson and the
S-wave deuteron using no free parameters. Third, in the
framework of our relativistic approach we obtain some
general constraints for possible values of the quadrupole
moment in two-particle systems with quantum numbers
given above for a large range of constituent masses from
ρ meson to deuteron.
The approach that we use in the present paper is a
particular relativistic formulation of constituent-quark
model that is based on the classical paper by P. Dirac
[30] (so-called Relativistic Hamiltonian Dynamics or Rel-
ativistic Quantum Mechanics (RQM)). RQM can be for-
2mulated in different ways or in different forms of dynam-
ics. The main forms are instant form (IF), point form
(PF) and light-front (LF) dynamics. The properties of
different forms of RQM dynamics can be found in the
reviews [31–34]. Today the approach is largely used for
nonperturbative theory of particle structure.
Here we use our version of RQM, – the modified in-
stant form (mIF) of RQM , that was successfully used
for various composite two-particle systems, namely, the
deuteron [35], the pion [36–39], the ρ meson [40, 41] and
the kaon [42]. This model has predicted with surpris-
ing accuracy the values of the form factor Fpi(Q
2), which
were measured later in JLab experiments [43–47] (see
discussion in Ref. [38]). All the new points fall, within
the experimental uncertainties, on the initially calculated
curve. Another advantage of the approach is matching
with the QCD predictions in the ultraviolet limit: when
constituent-quark masses are switched off, as expected
at high energies, the model reproduces correctly not only
the functional form of the QCD asymptotics, but also its
numerical coefficient; see Refs. [37, 39, 48] for details.
The method allows for an analytic continuation of the
pion electromagnetic form factor from the spacelike re-
gion to the complex plane of momentum transfers and
gives good results for the pion form factor in the timelike
region [49].
Now we use this approach, supplemented with some
physical reasoning based on the consideration of the
structure of our relativistic operator of the quadrupole
moment, to obtain some constraints for possible values
of the quadrupole moment of two-particle spin one sys-
tems in the S-state of relative motion. The effectiveness
of our approach for a relativistic theory of two-particle
composite systems permits us to believe that our con-
straints are of a rather general character.
In what concerns the calculation of the quadrupole mo-
ment of the ρ meson, the present paper is a continuation
of our papers [40, 41]. Using our approach we have con-
structed [40] the unified π&ρ model and have fixed all
free parameters determining the radius of the ρ meson
through its decay constant. Then we obtain the ρ meson
magnetic moment µρ [41] using the unified π&ρ model
with no new fitting parameters. Now we calculate the
ρ-meson quadrupole moment in the unified π&ρ model,
that is without any fitting parameters: all parameters
are already fixed in [40].
The reliability of our calculation of the quadrupole mo-
ment of the S-wave deuteron in our approach is based on
the results of the paper [35] where very good theoretical
results were derived for the electromagnetic properties of
the deuteron obtained in polarization experiment on the
electron-deuteron scattering, that is for the component
T20(Q
2) of the deuteron polarization tensor and for its
quadrupole form factor. In the present paper we use the
S-component of the deuteron wave function [50], that
was constructed in the framework of the so-called poten-
tialless formulation of the inverse scattering problem [51]
(see also [52]).
Our relativistic operator of the quadrupole moment of
the two-particle system constructed in the basis of state-
vectors with the motion of center-of-mass being separated
is a c-number function. To obtain some general results
for arbitrary constituents with spin 1/2 in the S-state
of relative motion we divert our attention away from the
fixed parameters in unified π&ρ model or in the deuteron
wave function. Now we consider the operator of the
quadrupole moment on the class of parameters that char-
acterize, on the one hand, the constituents (the mass, the
anomalous magnetic moments) and, on the other hand,
the interaction of constituents. We consider weak inter-
actions (as in deuteron), intermediate model interaction
(see, e.g., [36, 41]) and strong interactions that ensure
square-law quark confinement (harmonic oscillator wave
function).
The derived expression for the relativistic quadrupole-
moment operator suggests that one can obtain some gen-
eral limitations for the values of quadrupole moment of
systems under consideration. The analysis of the for-
mula for the quadrupole-moment operator, some addi-
tional physical reasoning and involvement of numerical
calculations enable us to construct the upper and lower
bounds for the values of quadrupole moments under con-
sideration, resulting in some constraints.
The rest of the paper is organized as follows. In Sec.
II, the quadrupole form factor and the quadrupole mo-
ment of a spin one two-particle system in the S-state of
the relative motion are derived in modified impulse ap-
proximation of IF RQM. In Sec. III we calculate the
values of quadrupole moments of the ρ meson (using the
unified π&ρ model with no free parameters) and of the
deuteron in S-state with no D-wave admixture. Sec.
IV contains the analysis of the properties of the rela-
tivistic quadrupole-moment operator for indicated quan-
tum numbers and of the dependence of its value on the
model interaction of constituents as well as on the val-
ues of constituent masses and anomalous magnetic mo-
ments. In Sec. V general limitations for the values of
the quadrupole moment of different systems with men-
tioned quantum numbers are proposed and discussed.
We briefly conclude in Sec.VI and present some details
of the calculation in the Appendix.
II. THE QUADRUPOLE MOMENT OF S-STATE
TWO-PARTICLE
SPIN ONE SYSTEM AS A RELATIVISTIC
EFFECT
One of the main points of our approach is the construc-
tion of matrix element of electromagnetic current for a
composite system of two interacting particles. A sum-
mary of our method of such construction can be found in
our recent paper [41] and in the references therein. The
method is based on the principal statements of RQM dy-
namics(see, e.g., [53]) and on the general procedure of
relativistic covariant construction of local operators ma-
3trix elements [54].
Let us consider a system of two interacting particles of
the mass M , the spin 1/2 and the total electric charge 1
in the S-state of relative motion. In RQM the basis of
individual spins and momenta of particles can be used
| ~p1 ,m1; ~p2 ,m2〉 = | ~p1 ,m1〉 ⊗ |~p2 ,m2〉 , (1)
where ~p1,2 are the constituent momenta and m1,2 are
their spin projections. One can also choose the following
set of two-particle state vectors where the motion of the
center of mass is separated:
| ~P , √s, J, l, S, mJ 〉 , (2)
where Pµ = (p1 + p2)µ, P
2
µ = s;
√
s is the invari-
ant mass of the two-particle system, l is the orbital an-
gular momentum in the center-of-mass frame (C.M.S.),
~S 2 = (~S1+~S2)
2 = S(S+1) , S is the total spin in C.M.S.,
J is the total angular momentum with the projectionmJ .
The two-particle basis with separated motion of the cen-
ter of mass (2) is connected with the basis of individual
spins and momenta of two particles (1) through the ap-
propriate Clebsh-Gordan decomposition for the Poincare´
group (see, e.g., [34]).
The current matrix element for our system is
〈~pc ,mJc|jµ(0)|~pc ′ ,m′Jc〉 , (3)
where ~pc , ~pc
′ are the momenta of composite two-particle
system in initial and final states, respectively, mJc ,m
′
Jc
are projections of the total angular momenta. As the
expression (3) is a matrix in the projections of the total
angular momentum, it can be decomposed in the sum of
linearly independent matrices (see for detail [34, 41, 54])
that presents a set of 2J +1 independent Lorentz scalars
(that is scalars or pseudoscalars):
DJc(pc, p
′
c) (pcµΓ
µ (p′c))
n
, n = 0, 1, 2, . . . , 2J , (4)
here DJ is the matrix of Wigner rotation (see, e.g., [26]).
The spin 4-vector Γµ [34, 54] is defined as follows:
Γ0(pc) = (~pc ~J) , ~Γ(pc) = Mc ~Jc +
~pc(~pc ~Jc)
pc0 +Mc
,
Γ2 = −M2c Jc(Jc + 1) . (5)
In the decomposition of (3) in terms of the set (4) each
Lorentz scalar is multiplied by a 4-vector constructed of
variables that enter the state vectors in initial and finite
states. So, the decomposition has the form (see also [41,
55]):
〈~pc , mJc|jµ(0)|~pc ′ , m′Jc〉 =
〈mJc|D1(pc , p′c)
∑
i=1,3
F˜ ic(t) A˜iµ |m′Jc〉 ,
F˜ 1c(t) = f˜ c10 + f˜ c12
{
[ipcν Γ
ν(p′c)]
2 −
1
3
Sp[ipcν Γ
ν(p′c)]
2
}
2
Sp[pcν Γ
ν(p′c)]
2
, (6)
F˜ 3c(t) = f˜ c30 ,
A˜1µ = (pc + p
′
c)µ , A˜
3
µ =
i
Mc
εµνλσ p
ν
c p
′
c
λ Γσ(p′c) .
Here Mc is the mass of composite system, Q
2 = −q2 =
t, q - 4-vector of the momentum transfer, f˜ c10 , f˜
c
12 , f˜
c
30
are the charge, quadrupole and magnetic form factors,
respectively.
The invariant parts that one can extract from the ma-
trix element are called the Sachs form factors of the com-
posite system. One have the charge GC(Q
2), quadrupole
GQ(Q
2) and magnetic GM (Q
2) form factors (see, e.g.,
[27, 56]). The Sachs form factors can be written in terms
of the form factors in (6) as follows:
GC(Q
2) = f˜ c10(Q
2) , GQ(Q
2) =
2M2c
Q2
f˜ c12(Q
2) ,
GM (Q
2) = −Mc f˜ c30(Q2) . (7)
The current matrix element in RQM (3) can be decom-
posed in the complete set of states (2):
〈~pc , mJc|jµ(0)|~pc ′ , m′Jc〉 =
∑
mJ
∫
d~P d~P ′
NCGN ′CG
d
√
s d
√
s′〈~pc , mJc| ~P ,
√
s , mJ 〉
〈~P , √s , mJ |jµ(0)|~P ′ ,
√
s′ , m′J 〉
〈 ~P ′ ,
√
s′ , m′J |~pc ′ , m′Jc〉 , (8)
We do not use in the present paper the explicit form of
the normalization constant NCG of the vectors (2) (it
can be found in [34]); 〈 ~P ,√s,mJ |~pc,mJc〉 is the wave
function of the composite system in the sense of RQM
in the representation defined by the basis (2). In the
state vectors in (2) the fixed quantum numbers J = S =
1 , l = 0 are omitted.
The wave function of the composite system in (8) is:
〈 ~P , √s , mJ |~pc , mJc〉 = NC δ(~P−~pc) δmJmJcϕ(s) , (9)
where NC is the normalization constant (see [34]) that
we do not need here.
The wave function of the relative motion ϕ(s) in the
representation defined by the basis (2) for l = 0 , S = 1
4is a solution of the eigenvalue problem for the mass (or
the mass square) operator for two-particle system with
interaction: MˆI = Mˆ0 + Vˆ , where Mˆ0 is the mass op-
erator for two-particle system without interaction and Vˆ
is the interaction operator. The wave function has the
form
ϕ(s) = 4
√
s k u(k) , s = 4(k2+M2) ,
∞∫
0
dk k2 u2(k) = 1 ,
(10)
with M being the individual mass of a constituent.
Taking into account (9) we rewrite the decomposition
(8) in the form:
〈~pc , mJc|jµ(0)|~pc ′ , m′Jc〉 =
∫
NC N
′
C
NCGN ′CG
d
√
s d
√
s′ϕ(s)
〈~pc ,
√
s , mJc|jµ(0)|~pc ′ ,
√
s′ , m′Jc 〉ϕ(s′) . (11)
The matrix element in (11)
NC N
′
C
NCGN ′CG
〈~pc ,
√
s , mJc|jµ(0)|~pc ′ ,
√
s′ , m′Jc 〉 (12)
is a regular Lorentz-covariant generalized function (dis-
tribution) that has a meaning only under the integral in
(11). So, the integral (11) is to be regarded as a func-
tional defined on the space of test functions ϕ(s)ϕ(s′).
Now we decompose the matrix element (12) in the
r.h.s.of (11) in the system of independent Lorentz-scalars
(4) in analogy to (6):
NC N
′
C
NCGN ′CG
〈~pc ,
√
s , mJc|jµ(0)|~pc ′ ,
√
s′ , m′Jc 〉 =
〈mJc|D1(pc , p′c)
∑
i=1,3
F i(s,Q2, s′)Biµ(s,Q2, s′) |m′Jc 〉 ,
F 1(s,Q2, s′) = G10(s,Q2, s′)+
G12(s,Q
2, s′)
{
[ipcν Γ
ν(p′c)]
2 −
1
3
Sp[ipcν Γ
ν(p′c)]
2
}
2
Sp[pcν Γ
ν(p′c)]
2
, (13)
F 3(s,Q2, s′) = G30(s, t, s′) ,
where Biµ(s, t, s
′) , i = 1, 3 are some 4-vectors that are
smooth functions of the variables s, s′ .
Substituting of the decompositions (6), (13) in (11)
and equating the expressions that stand at the equal de-
grees of the scalars (4) we obtain some equalities for the
4-vectors. These equalities are to be hold in the sense
of Lorentz-covariant generalized functions, that is for ar-
bitrary test functions ϕ(s)ϕ(s′). This condition means
that these covariant relations are to be valid for arbi-
trary model of the interaction of constituents in RQM.
So. the vectors Biµ(s, t, s
′) , i = 1, 3 in (13) are the same
as A˜iµ in (6). As a result we obtain for the invariant parts
of the matrix element (3):
f˜ cin(Q
2) =
∫
d
√
s d
√
s′ ϕ(s)Gin(s,Q
2, s′)ϕ(s′) . (14)
The form factors Gin(s,Q
2, s′) are the reduced matrix
elements on the Poincare´ group that are given by regular
Lorentz-covariant generalized functions with test func-
tions ϕ(s)ϕ(s′).
In general, the explicit form of the functions
Gin(s,Q
2, s′), is unknown. To calculate these functions
we propose a modified impulse approximation (MIA)
[34]. In contrast to the generally accepted impulse ap-
proximation, we formulate MIA in terms of reduced
matrix elements on the Poincare´ group (form factors)
extracted from the current matrix element and not in
terms of current operators themselves. The standard
impulse approximation is known to break the Lorentz-
covariance and the conservation law for the composite-
system electromagnetic current (see, e.g., [29, 32, 34]).
Note that when deriving (14) we have made no as-
sumptions about the structure of the operator in (3),
so that the Lorentz-invariance and the conservation law
were not broken. MIA means that the form factors
Gin(s,Q
2, s′) are changed for the free two-particle form
factors g0i(s ,Q
2 , s′) , i = C,Q,M of the system with
no interaction between components and with the same
quantum numbers J = S = 1 , l = 0.
The free two-particle form factors also are regular
Lorentz-covariant generalized functions, so that the static
limit of, e.g., g0i(s ,Q
2 , s′) is to be considered in the weak
sense. The result for the quadrupole form factor of our
system in MIA has the following form:
GQ(Q
2) =
2M2c
Q2
∫
d
√
sd
√
s′ϕ(s)g0Q(s ,Q
2 , s′)ϕ(s′) .
(15)
The explicit form of the free two-particle quadrupole form
factor g0Q(s ,Q
2 , s′) is given in Appendix.
It is easy to see that for zero values of the parameters
(ω1 = ω2 = 0) of the relativistic spin rotation of the con-
stituents in (A1) the free two-particle quadrupole form
factor g0Q(s ,Q
2 , s′) is zero as well as the form factor (15)
of the interacting system. The existence of the nonzero
quadrupole form factor of the system with l = 0 is the
consequence of the relativistic spin rotation effect.
The quadrupole moment Q of the system is defined as
the static limit of the quadrupole form factor (15) (see,
e.g., [28, 29]):
lim
Q2→0
GQ(Q
2) =M2c Q . (16)
5In our case the corresponding limit is to be taken in weak
sense and gives:
Q =
∞∫
2M
d
√
s
2
√
s− 4M2ϕ(s)Q(s)ϕ(s) =
∞∫
0
k2 dk u(k)Q(s(k))u(k) , (17)
where Q(s) is the relativistic quadrupole-moment oper-
ator that is the c-number function in the representation
given by the basis (2). The function Q(s) has the follow-
ing form:
Q(s) = − L(s)
2M
√
s
(
M√
s+ 2M
+ a
)
, (18)
L(s) =
2M2√
s− 4M2 (√s+ 2M)
(
1
2M2
√
s (s− 4M2)
+ ln
√
s−√s− 4M2√
s+
√
s− 4M2
)
,
where a = κ1 + κ2 , κ1,2 are the anomalous magnetic
moments of the constituents.
III. THE QUADRUPOLE MOMENTS OF THE ρ
MESON AND THE S-WAVE DEUTERON
Let us calculate now the quadrupole moments of the
ρ meson and of the deuteron in the S-state using (17),
(18) .
For the calculation of the ρ-meson quadrupole moment
we use the unified π&ρ model [40, 41] which have de-
scribed efficiently the electroweak properties of the pion
and the ρ meson. In the model we have used the power-
law wave function:
u(k) = 16
√
2
7πb3
1
(1 + k2/b2)3
, (19)
with a parameter b. All the parameters of the model
were fixed in [40] and in the paper [41] the experimen-
tal value of the ρ-meson magnetic moment was obtained
using no additional fitting parameters. The same val-
ues of parameters we use now to calculate the ρ-meson
quadrupole moment. So, for the masses of the con-
stituent u- and d¯ quarks we have Mu = Md¯ = M = 0.22
GeV and the sum of their anomalous magnetic moments
is a = κu + κd¯ = 0.0268 in quark magnetons. The
parameter of the wave function in the model (19) is
b = 0.385 ± 0.019 GeV. The result of the calculation
that uses the formulae (17), (18) with the wave function
(19) and parameters given above is Q = −0.158 ± 0.04
GeV−2.
Now let us consider the quadrupole moment of the
deuteron in the S-state, that is without admixture of
the D-wave in the deuteron wave function. We use for
the calculation the MT wave function [50], that was con-
structed in the framework of the so-called potentialless
formulation of the inverse scattering problem [51] (see
also [52]). The approximation for the S-component of
the function has the form [50]:
u(k) =
√
2
π
∑
j
Cj
(k2 +m2j)
. (20)
The parameters Cj , mj are given in the Appendix.
Other parameters entering the quadrupole moment
(18) are well defined. The anomalous magnetic mo-
ments of the constituents - proton and neutron - are
measured with great accuracy [57]: a = κp + κn =
−0.1201953± 0.0000005 in nuclear magnetons. The nu-
cleon masses are also well known [57]. The relative dif-
ference of the masses of proton and neutron is the value
of a fraction of per cent, so we put them to be equal to
their mean mass M = 0.93891870 GeV. Using these pa-
rameters and the equations (17), (18) (20) we obtain the
following small value of the quadrupole moment of the
S-wave deuteron: Q = −1.4 · 10−4 GeV−2.
It is quite doubtful that our results for the quadrupole
moments of the ρ meson and the S-wave deuteron could
be tested experimentally in the foreseeable future. How-
ever it seems rather interesting to us that the quadrupole
moments of so different systems are calculated in the
framework of one and the same method. Moreover, this
fact encourages us in the attempt to consider the problem
of general constraints on the quadrupole-moment values
for the set of parameters considered above. The effec-
tiveness of our approach for relativistic models of other
two-particle composite systems permits us to believe that
such constraints may be of rather wide validity.
IV. PROPERTIES OF THE RELATIVISTIC
QUADRUPOLE
MOMENT OPERATOR
Consider the c-number relativistic operator of the
quadrupole moment (18). The function in (18) has the
following properties:
lim
s→4M2
Q(s) = 0 , lim
s→∞
Q(s) = 0 . (21)
In Fig.1 the dependence of the function Q(s(k)) on the
momentum variable k for different constituent masses
and the zero value of the sum of the anomalous mag-
netic moments of constituents a = 0 is shown. The first
of the equations (21) means that the contribution of the
small relative momenta to the quadrupole moment is sup-
pressed. This means that the large-distance contribution
60.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
-0.15
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-0.05
0.00
k, GeV
Q
(s
(k
))
,
G
eV
-
2
FIG. 1. The c-number quadrupole-moment operator Q(s(k))
(18) as a function of k for the sum of anomalous magnetic
moments a = 0 for three values of the constituent mass M .
Solid line (red)-M = 0.22 GeV, dashed line (blue) -M = 0.25
GeV, short-dashed line (magenta) - M = 0.33 GeV.
to the relativistic quadrupole moment is small. This con-
trasts fundamentally with the nonrelativistic case (see,
e.g., [58]) when the nonrelativistic quadrupole moment is
defined by the wave function at large distances. We will
refer to the relativistic wave functions that give a large
value of the probability for constituents to be found at
large relative distances as to models with weak coupling.
The corresponding relativistic quadrupole moment (17)
is small. The deuteron presents an example of this type
of coupling.
On the contrary, we refer to the models with the wave
functions concentrated at small distances as to models
with strong coupling of the constituents. In such models
the relativistic quadrupole-moment values are larger.
In what follows we consider systems with weak cou-
pling using the wave function (20) normalized to unity.
The systems with the most strong coupling are realized in
the model with the square-law confinement. This model
with the harmonic oscillator potential is largely used in
composite quark models (see, e.g., [10]). The correspond-
ing wave function in the representation (2) with quantum
numbers l = 0 , S = 1 is of the form:
u(k) = 2
√
1√
πb3
exp
(
− k
2
2b2
)
, (22)
where the parameter b determines the confinement scale.
We use also the model with intermediate coupling (19),
that is close (see Sec. III) to the model with the linear
confinement [59].
It follows from the conditions (21) (see also Fig.1) that
the function Q(s(k)) has an extremum. So, one can see
that the quadrupole moment (17) is defined by the value
of the overlap integral of the square of the wave function
and the function (18). The largest absolute value of the
quadrupole moment is to be expected in the models with
the largest overlaps. In the strong-coupling model the
position of the maximum of the square of the wave func-
tion (22) is defined by the parameter b. There exists a
value b that gives the maximum overlap and, so, the max-
imum value of the quadrupole moment. Our numerical
calculations confirm this statement.
The Fig.1 demonstrates also that the absolute value of
the quadrupole-moment operator decreases appreciably
with increasing mass of the constituents. Consequently
the absolute value of the quadrupole moment decreases
and will go to zero in the limit of large masses of the
constituents. This is in accordance with the fact that the
quadrupole moment in the systems under consideration
is a relativistic effect and disappears in the nonrelativistic
limit.
Let us discuss now the dependence of the quadrupole
moment on the sum of anomalous magnetic moments a
and dislocate the important region of this variable for
study. For the deuteron, a is known from the experiment
with great accuracy (see Sec.III). For a quark-antiquark
system, a cannot be measured. However, the model in-
dependent constraints for the anomalous magnetic mo-
ments of u- and d- quarks were obtained in the paper
[60]:
eu + κu
ed + κd
= −1.77 , (23)
where eu,d are the charges of u- and d-quarks and κu,d
are their anomalous magnetic moments (in quark mag-
netons).
Using the equation (23) and our definition κu + κd¯ =
κu − κd = a it is easy to obtain the values of anomalous
magnetic moments of the quark and the antiquark as
functions of the parameter a. This dependence is shown
in Fig.2.
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FIG. 2. Anomalous magnetic moments of the u- and d¯-quarks
in quark magnetons as functions of the sum of anomalous
magnetic moments a corresponding to (23) [60]. Solid line
(red) - κu, dashed line (blue) - κd¯.
For the point-like quarks (κu = κd¯ = 0), the ratio of
the magnetic moments of u- and d- quarks is exactly −2
7that is not far of (23). The deviation of (23) from this
value owing to the anomalous magnetic moments is ap-
proximately 12% and can be considered as a correction.
So, it is natural to consider the anomalous magnetic mo-
ments as corrections to the point-like quark magnetic mo-
ments, too. This allows one to consider in what follows
the range of the values of the parameter a from −0.25 to
0.25. Fig.2 demonstrates that this interval gives the val-
ues of anomalous magnetic moments of the quarks that
are realistic from the point of view of the ratio (23). Note
that the sum of anomalous magnetic moments of proton
and neutron lays in this interval.
The masses of the constituent u- and d-quarks are
the parameters of the composite quark model and in
the current literature their values are always greater
than 0.1 GeV. We choose the interval for the masses
of constituents to extent from 0.1 GeV up to 1.0 GeV.
The masses of the constituents in the ρ meson and the
deuteron enter this interval.
V. CONSTRAINTS ON THE QUADRUPOLE
MOMENT OF SPIN ONE COMPOSITE SYSTEM
IN THE S-STATE OF RELATIVE MOTION
Let us derive some bounds on possible values of the
quadrupole moment of two-particle systems with the to-
tal spin one in the S-state of the relative motion. We
consider the class of the interaction models with the
strongest coupling realized for the model with square-law
confinement (22).
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FIG. 3. The quadrupole moment of composite system as a
function of the sum of anomalous magnetic moments of the
constituents a for different model interactions at M = 0.22
GeV. Solid(red) line - the harmonic oscillator wave function
(22) with b = 0.35 GeV [36], dashed line (blue) - the power-
law wave function (19), b = 0.385 GeV [41], short-dashed line
(magenta) - weak coupling model (20) [35].
We show that in the framework of our approach,
adding physical reasoning connected with the structure
of our relativistic operator of the quadrupole moment, it
occurs to be possible to obtain some constraints for the
values of the quadrupole moment of the composite sys-
tems with quantum numbers indicated above. As our ap-
proach have demonstrated its effectiveness for relativistic
theory of very different two-particle composite systems
[35–41, 49], it is plausible to expect that our constraints
are of a rather general character.
The quadrupole moment of the system (17) is a func-
tion (see (18)) of three variables Q = Q(M, b, a) in the
case of wave functions (19) and (22). In the weak cou-
pling model (20) there is no parameter b. Let us con-
sider first the dependence of the quadrupole moment on
the sum of anomalous magnetic moments a of the con-
stituents. As can be seen from (17) the quadrupole mo-
ment is a linear decreasing function of a for all models
of interaction. It is plotted in Fig.3 for the models (19),
(20), (22) with M = 0.22 GeV. For the model (22) we
use b = 0.35 GeV as in pion calculations [36], for the
model (19) we put b = 0.385 GeV used in the unified
π&ρ model [40, 41]. The weak-coupling wave function
(20) was normalized to unity. Fig.3 is in accordance with
the statement of Sec.IV that the largest absolute value of
the quadrupole moment for the same parameters M and
a is achieved for the model (22).
FIG. 4. The quadrupole moment Q(M, b,−am) (17) in the
region a ≤ a0, Q ≥ 0 (24) as a function of the constituent
massM and the parameter of the wave function b in the model
of harmonic oscillator (22). a0 is the value of the parameter
a for Q = 0. The sum of the anomalous magnetic moments
am = 0.25.
Note that a value a = a0 for which the quadrupole
moment is zero exists in all models of interaction and
for all values of other parameters. This is due to a
compensation mechanism that suppresses the relativis-
tic quadrupole moment in a system with the quantum
numbers S = 1, l = 0. This mechanism is caused by the
existence of a structure of constituents, namely, of the
anomalous magnetic moments. The actual position of
the zero value of the quadrupole moment depends weakly
on M and on the choice of the model.
First, let us consider the range of parameters that gives
the nonnegative value of the quadrupole moment: Q ≥0.
Takig into account the fact that Q decreases linearly with
a in all cases we obtain that the upper bound in this
8domain is defined by our choice of the interval for the
parameter a:
Q(M, b, a) ≤ Q(M, b,−am) , (24)
where −am is the minimal admissible value. The role
that plays this parameter explains the detailed discussion
in Sec.IV where we have supposed −am = −0.25.
Let us consider the dependence of the function
Q(M, b,−am) on the parameters M and b. In Sec. II
analysing the structure of the operator of the quadrupole
moment (18) we concluded that the quadrupole mo-
ment (17) has a maximum at some value of the pa-
rameter b in (22), (19). In fact Fig.4 presenting the
quadrupole moment (17) as a function of parameters M
and b in the model (22) shows that at any fixed con-
stituent mass M the quadrupole moment has a maxi-
mum at some b = bmax(M). So, the upper bound for
the values of the quadrupole moment is a function of M :
Q(M, bmax(M),−am). The value bmax(M) can be ob-
tained using the maximum condition for (17) for fixed
value of the mass M and a = −am;
0 ≤ Q(M, b, a) ≤ Q(M, bmax(M),−am) . (25)
In Sec. IV we suggested, using qualitative reason-
ings, that the largest value of the quadrupole moment
is reached in the strong coupling model (22). The direct
numerical calculation confirms this fact and shows that
for arbitrary constituent mass the following chain of the
inequalities is valid:
0 ≤ Q(M, b, a) ≤ Q(M, bmax(M),−am) ≤
≤ QHO(M, bmax(M),−am) , (26)
where QHO(M, bmax(M),−am) is the maximal value of
the quadrupole moment in the model (22) at a fixed con-
stituent mass..
In fact the function of mass QHO(M, bmax(M),−am)
gives the upper value of the quadrupole moment in
our class of interaction models. In this class the
model with the square-law confinement (22) presents
the strongest coupling. The quadrupole moment
QPL(M, bmax(M),−am) in the model with confinement
close to the linear one (19) (see, e.g., [36]) also achieves
a maximum at some value of the model parameter b, the
maximum value being smaller than in the model with
quadratic confinement. At the same mass the value of
maximum of QMT (M,−am) for the weak coupling model
normalized function (20) is even smaller. The direct cal-
culation for M = 0.22GeV gives:
QMT (M,−am) < QPL(M, bmax(M),−am) <
< QHO(M, bmax(M),−am) ,
or actually:
0.002GeV−2 < 0.118GeV−2 <
< 0.120GeV−2 . (27)
The difference between the maxima for the models (19)
and (22) is small but the inequality (26) is valid. The
relations similar to (27) exist for all values of the con-
stituent mass from a chosen interval, the difference be-
tween maxima growing with mass increasing.
FIG. 5. The opposite in sign value of the quadrupole moment
-Q(M,b, am) (17) for a ≥ a0, Q ≤ 0 (28) as a function of the
constituent mass and of the parameter b of the wave function
in the harmonic oscillator model (22). The sum of anomalous
magnetic moments am = 0.25.
Consider now the region where Q ≤ 0 (see Fig.3). The
linear decreasing of the quadrupole moment with increas-
ing a means that in all interaction models, the lower
bound of Q is given by the largest value of a:
Q(M, b, am) ≤ Q(M, b, a) ≤ 0 , (28)
where am = 0.25.
In Fig.5 the dependence of -Q(M, b, am) on the param-
eters M and b for the model (22) is shown. One can see
that for an arbitrary fixed constituent mass, the func-
tion Q(M, b,−am) has a minimum at b = bmin(M). The
lower bound of the quadrupole moment is now a function
of the mass M : Q(M, bmin(M), am).
Using reasoning and calculations analogous to those
used when deriving (26), we estimate the lower boundary
of the quadrupole moment:
QHO(M, bmin(M), am) ≤ Q(M, bmin(M), am) ≤
≤ Q(M, b, a) ≤ 0 . (29)
Here bmin is the point of the minimal value of the
quadrupole moment in the models (19) and (22) at a fixed
value of the constituent mass, QHO(M, bmin(M), am)
is the minimal value of the quadrupole moment in the
model (22) at a fixed mass.
We can write the inequalities analogous to (27):
QMT (M,am) > QPL(M, bmin(M), am) >
> QHO(M, bmin(M), am) ,
9−0.055GeV−2 > −0.384GeV−2 >
> −0.395GeV−2 . (30)
The upper (QHO(M, bmax(M),−am)) and lower
(QHO(M, bmin(M), am)) bounds for the values of the
quadrupole moment are shown in Fig.6 and Fig.7 as func-
tions of the constituent mass for our choice am = 0.25.
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FIG. 6. The upper and the lower bounds (26), (29) for pos-
sible values of the quadrupole moment as functions of the
constituent mass at am = 0.25 in quark magnetons (24).
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FIG. 7. The same as in Fig.6 for other region of constituent
masses.
So, for all interaction models considered in the paper,
for arbitrary masses of constituents and for arbitrary
sum of anomalous magnetic moment from the interval
[−0.25; 0.25], the quadrupole moment of the two-particle
system is between the curves shown in Fig.6 and Fig.7.
As far as we know, it is for the first time that this kind
of constraints is proposed and as such it may be amelio-
rated in a number of directions. The constraints are ob-
tained in the framework of only one approach. However
the advantages of our approach described above enable
us to believe in the validity of the constraints. The set of
the interaction models is rather limited, but we consider
the interactions that are the most popular in calculations
of two-particle composite systems. The choosen interval
for the parameter a plays a very important role and the
width of the band of possible values of the quadrupole
moment can be diminished efficiently for a smaller value
of am. The detailed discussion of the choice of its value
was given above. The mass interval considered is reason-
ably wide.
We compare some of results of different authors on the
ρ-meson quadrupole moment with our bounds. There are
some values that satisfy our constraints (see, for example,
[5, 10, 21]) and some others that do not.
VI. CONCLUSIONS
To summarize, we construct the relativistic operator
of the quadrupole moment of two-particle composite spin
one system with zero angular moment using our version
of RQM. We adopt the modified instant form RQM that
we used previously. The derived quadrupole-moment
operator in the basis with the separated motion of the
center-of-mass is a c-number function.
Then this operator is used to calculate, with no fitting
parameters, the values of the quadrupole moments of the
ρ meson (Qρ = −0.158± 0.04 GeV−2) and of the S-wave
deuteron (Qd = −1.4 · 10−4 GeV−2). The quadrupole
moment of the ρ meson is obtained in the framework of
the unified π&ρ model developed by the authors in the
recent papers. The quadrupole moment of the S-wave
deuteron is calculated using the wave function obtained
by the authors in a potentialless formulation of the in-
verse scattering problem; this function has given good
results for the polarization ed-scattering data and for the
quadrupole form factor of deuteron.
The study of the properties of the obtained
quadrupole-moment operator permits to formulate, for
the first time, the problem of the upper and lower bounds
for possible values of the quadrupole moment of a two-
particle system with indicated quantum numbers for a
large range, from 0.1 GeV to 1 GeV, of constituent
masses, and to partially solve it. The constraints are ob-
tained in the class of interaction models for constituents
with the most strong coupling realized by the square-law
confinement. It is shown that our limitations depend es-
sentially on the sum of the anomalous magnetic moments
of the constituents.
APPENDIX
The quadrupole g0Q form factor for free two–particle
system is:
g0Q(s,Q
2, s′) =
1
2
R(s,Q2, s′)Q2
10
×{(s+ s′ +Q2)(G1E(Q2) +G2E(Q2))
× [cos(ω1 − ω2)− cos(ω1 + ω2)]
− 1
M
ξ(s,Q2, s′)(G1M (Q
2) +G2M (Q
2))
× [sin(ω1 − ω2) + sin(ω1 + ω2)]} ; (A1)
Here
R(s,Q2, s′) =
(s+ s′ +Q2)
2
√
(s− 4M2)(s′ − 4M2)
× ϑ(s,Q
2, s′)
[λ(s,−Q2, s′)]3/2
1√
1 +Q2/4M2
,
ξ(s,Q2, s′) =
√
ss′Q2 −M2λ(s,−Q2, s′) ,
ω1 and ω2 are the Wigner rotation parameters:
ω1 = arctan
ξ(s,Q2, s′)
M
[
(
√
s+
√
s′)2 +Q2
]
+
√
ss′(
√
s+
√
s′)
,
ω2 = arctan
α(s, s′)ξ(s,Q2, s′)
M(s+ s′ +Q2)α(s, s′) +
√
ss′(4M2 +Q2)
,
α(s, s′) = 2M+
√
s+
√
s′, ϑ(s,Q2, s′) = θ(s′−s1)−θ(s′−
s2), θ is the step–function.
s1,2 = 2M
2 +
1
2M2
(2M2 +Q2)(s− 2M2)
∓ 1
2M2
√
Q2(Q2 + 4M2)s(s− 4M2) .
λ(a, b, c) = a2 + b2c2 − 2(ab+ ac+ bc), M – the mass of
a constituent, for example the u or d¯ quark or a nucleon.
The functions s1,2(s,Q
2) give the kinematically available
region in the plane (s, s′). G1,2E,M (Q
2)– charge and mag-
netic Sachs form factors of constituents, respectively.
The ansatz for the analytic versions of the p-space S
deuteron wave function, denoted by u(k), is given by (20).
In (20)
mj = α+m0 (j − 1) , (A2)
the coefficients Cj , the maximal value of the index j and
m0 = 0.9 fm
−1 are defined by the condition of the best
fit. One has α =
√
M εd , M = 0.93891870 GeV is
average nucleon mass, εd = 2.224996 · 10−3 GeV is the
binding energy of the deuteron in the model [35].
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